120
Acta Cryst. (1998). A54, 120-128

Three-Beam Diffraction in Finite Perfect Crystals. I. Exploring Laue-Laue and Bragg-Laue
Scattering Using a Series-Expansion Approach for the Solution of the Takagi-Taupin
Equations

GUNNAR THORKILDSEN * AND HELGE B. LARSEN

Department of Mathematics and Natural Science, Stavanger College, Ullandhaug, 4004 Stavanger, Norway.
E-mail: gunnar.thorkildsen@tn.his.no

(Received 5 April 1997, accepted 13 August 1997)

Abstract

Using the boundary-value Green-function technique,
analytical expressions in the form of finite series
expansions are obtained for the relative change in the
integrated power of the primary reflection due to the
gradual excitation of a secondary reciprocal-lattice point
on the Ewald sphere. Solutions are found for both a
Laue-Laue and a Bragg-Laue case in finite shaped
crystals confined by the scattering vectors. When the
crystal sizes do not exceed the Pendellosung length of the
involved reflections, the ¥ profiles exhibit the same
qualitative features in the two cases. The solutions do
however indicate a strong dependence on the outer
crystal dimensions — which add a geometrical aspect to
the interpretation of the Aufhellung and Umweganregung
concepts.

1. Introduction

During the last 10 years, the development of high-
brilliance synchrotron sources has eased the possibilities
of using three-beam diffraction as a tool to experimen-
tally determine invariant triplet phase sums. For a general
review on the topic, lead articles by Chang (1992) and
Weckert & Hiimmer (1997) should be consulted.

The idea of using three-beam diffraction to extract
phase information originates from Lipscomb (1949).
Throughout the years, different aspects concerning
multiple-beam diffraction and the phase problem have
been explored. Major theoretical advances have been
achieved by several authors (Ewald & Héno, 1968;
Colella, 1974; Himmer & Billy, 1982; Hgier &
Marthinsen, 1983; Chang, 1984; Juretschke, 1984;
Himmer & Billy, 1986; Weckert & Hiimmer, 1990).
The theoretical basis common to all these works is the
fundamental equation of the plane-wave dynamical
theory (von Laue, 1932; Pinsker, 1978). Here, the
description of the scattering process is transformed to
an eigenvalue problem in the Anpassung, 8, leading to the
concept of dispersion surfaces. Solutions are usually
found using numerical methods and boundary conditions
for semi-infinite crystal plates. Many-beam effects then
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can be associated with perturbations of the ordinary two-
beam dispersion surface sheets.

Thorkildsen (1987) proposed an alternative approach
using the Takagi-Taupin equations (Takagi, 1962). This
was found to be particularly suited for describing three-
beam diffraction in finite crystals. Analytical solutions
were obtained for the wave fields D,, D, and D, by
applying the Laplace transformation technique. The
calculations were performed using a parallelepiped
model crystal spanned by the scattering vectors involved.
In the following, we pursue these ideas. Instead of
searching for closed solutions for the fields, we use a
series-expansion technique that involves smallness par-
ameters inversely proportional to the extinction length of
the reflections (Thorkildsen, 1990). This approach, which
actually counts the scattering events to a given order
along the possible optical routes, generates analytical
results in cases where other mathematical treatments are
not applicable. It might even be possible to extend this
technique to crystals having a more general outer shape
than what is considered here. In this paper, the concepts
of the approach are presented. The influence of
absorption, resonant scattering, polarization and crystal
imperfection will be considered separately in forth-
coming papers.

2. Field equations

Let us start by considering a linear dielectric medium
with no free charges or currents in the matter. We further
presume that the medium should have the same magnetic
properties as vacuum. By combining Maxwell’s equa-
tions,T we obtain the following wave equation for the
electric displacement field, D:

Vx Vx[l=xmD=—1/2@D/a), (1)

where we have used von Laue’s approximation for the
electric field:

E = (1/&)[1 - x.(r)D.
T Sl units arc used throughout this paper.
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g, Is the permittivity of free space, x.(r) is the electric
susceptibility, which generally is a complex quantity, and
may be expanded into a Fourier series:

x.(r) = zh: Xy exp(—2mih - r). (2)

Using the field expansion
D =} D, (r)exp[2mi(vt — k, - 1)] 3)
g

and assuming a gentle spatial variation of D, we obtain to
first order in x, the so-called Takagi-Taupin equations
(Takagi, 1962, 1969; Taupin, 1964; Authier et al., 1968;
Kato, 1973) for a perfect crystal:

(i/m)(k, - V)D, = {K*(1 + x,) — K})D,

+ 3 Xy (k3D — (K, Dk} (4)
g#p

K = 1/x is the wave number of the incoming vacuum
wave, K, and k, =K, + p is a crystal wavevector, p
being a reciprocaf—lattice vector.

Since D, is perpendicular to k,, it may be expanded
into two vector components:

2
D,(r) = ZI Dy(r)e;.

€, =6, and & = 7, denote the unit polarization vectors
associated with the wave k,,.

Using this relation and defining the mean wavevector
inside the crystal, k = K(1 +1x,), one can write the
component form of (4) as

(k, - V)D4 = 2miK (||, || — k)D4 — miK*

X Z Z Xp—g{é;; : é;}D;,
g#Fp v
where the notation ||k, || represents the norm (or length)
of the vector k,. We define the deviation parameter
(Authier et al., 1968) as
B, = Ik, — k = a, — K8y, — 3K X, (5)

where o, = ||K, || — K is the excitation error associated
with reﬁection p. 8, the Anpassung, is treated in the
kinematical limit by putting § = —x,/2y,. This corre-
sponds to B, = «, = 0 (Authier, 1996). y, is a direction
cosine, expressed by y, =1 -§, where i is the unit
normal vector to the entrance surface directed into the
crystal and §, is a unit vector along K, = K, + p.

Finally, we introduce the definition

Kpg = —nK)(pfq{e;,‘ ey} = (reA/VIF, (e, -e}, (6)
where r, is the classical electron radius, V, the unit-cell

volume and F, g the structure factor associated with the
reflection p — ¢.
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The Takagi-Taupin equations may then be written
aDY /s, = 2miB, Dk +i Y Y kleDl, (7

P4
qFp v
s, being a positional coordinate along §,.
Redefining the phases of the ﬁeldly amplitudes by

performing a unitary transformation,
D4 = D} exp (27{1’ %: ﬂqsq), (8)

we remove the first term on the right-hand side of (7) and
thus obtain the equations in their final general form:

oDy [0s, =iy Y khDy. 9)
q#Fp v
The transformation (8) corresponds to using the Lorentz
point as the excitation point for the fields (Thorkildsen &
Larsen, 1997). D) are thus the solutions for the exact
three-beam position.

In order to simplify the mathematical expressions, we
neglect for the time being any interactions between
different polarization states of the vector amplitudes.
Effects of such interactions will be considered separately
in a following paper.

In the case of three-beam interactions, p, g € {0, h, g},
the set of equations (9) may be written

ab,,/aso = ii(o,,b,, + ik, D,

D,/ 3s, = ik,,D, + iky, D,
0D, /0s, = kgD, + ik, D,.

(10

3. Principle of solution

The field amplitudes are now formally obtained by
integration of the above equations. It is convenient to
introduce a linear operator, £,

Ly,D, = iky, [ ds, D, (11)

rq
i3

The appearance of the operator £, implies a scattering
event §, — §,. Thus, scattering of the beam from s, to §,
is governed by

~ Sh ~
L1,gDy (5,0 Shs 8,) = ik, [ ds;, D, (8, S1s S,)- (12)
s
Later, the appearance of a member of the set {x,,} will

label a scattering process.
We may thus write

D,=DY + LD, + L,,D,
Dh D(hh)+£hnbo+£hg~g
D, = D' + Ly,D, + LDy

(13)
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Here, b indicates a boundary point. In order to obtain the
boundary-value Green functions for the wave fields, we
apply a point source of strength D!¢’ associated with the
incident direction, K,; and formulate the boundary
conditions for the transformed fields by

DY =D [s(s,. 5¢): S Sg] = D8(s,)8(s,)
D = Dys,. sj(s,.5,). 5] = 0

qum = Dg[S'ov Shs Sg(so’ Sh)] =0,

(14)

where () denotes the Dirac delta function.

In order to keep track of the number of scattering
events, we associate a counting variable, £, with the
smallness parameters, «,,,, of equation (11). We then seek
solutions for the fields in the form of series expansions in
€ (cf. Kato, 1976; Becker, 1977):

-~ o0
D,(s,. 84 5,) = D Y e"d(s,, 5y, Sg)
n=0

Dyl 1) = DY 3 e'd (s, 505,)  (19)

n=1

~ oC
Dy(Syr 840 5) = D S™ e"d(s,, 55,0 Sg)-

n=1

In the final expressions, we let ¢ — 1.

Combining the sets (13) and (15), we obtain, by
equating equal powers of the counting variable, ¢, the
following recurrence relations (for n > 1):

d(n—l)

(n—1)
d((;") = thdh’l + ‘Cog g
4y’ = Lp,d™" + Lyds"
(n) _ (n—1) (n—1)
dg’ = L,,d""" + Lydy) .

(16)

This, together with the boundary conditions for {dp},

dy’ = 8(s,)8(s,) (17)
d) =d" =0, (18)

enable us to perform the calculations of the amplitudes in

pri(n)ciple to any desired order. Explicitly, we have for the
{d,"}:

) =L, d? (19)
4 = Lyg Lo, d¥ (20)
d,) = L4y Ly Ly, d° + Ly, L,y L,y d°

+ Lyy Loy L, dY. (2n

This buildup of the field corresponds to Kato’s optical
zigzag routes representing multiple reflections (Kato,
1976).

The number of subterms, N, constituting d},") is given
by the recurrence relation N(n)=N(@n-—1)+
2N(n —2), where N(1)=NQ2)=1. Ie. N(6)=21,
N(10) = 341 and N(20) = 349525. 1t is thus hardly
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worthwhile to go beyond the tenth order in the expansion
— which sets a practical limit to this method.

The solution for D, gives the value of the transformed
amplitude of the primary diffracted beam at the point
(55+ 84, 5,) due to a point source at the origin. The wave
amplitude of this beam at a point P, with coordinates
(s,(P), s,(P), 54(P)), due to a source at § with coordinates
(5,(S8), 54(S5), 5,(S)) is given byt

Dy(P < 8) = JDy(A,. Ay, A,) exp(2rict, A, )

><exp(27tiotgAg)O(AO)O(Ah)G(Ag). 22)
Here, J is a geometrical factor, which enters through the
transformation of the source Dirac field density function,
using a representation in coordinates normal to the
incident direction to the form 8(s4)8(s,) used in (14). We
have also defined

A, = 5,P) = 5,8). (23)
6(A,) denotes the Heaviside unit step function, as the
wave fields are zero outside the pyramid defined by the
unit vectors §,, §, and §,, with the top located at S.

The real (%) and imaginary (3J) components of the
fields at an exit point, P, due to the incoming plane wave
are obtained by superimposing the amplitudes from all
source points, S, on the entrance surface, which
contribute to the field at P (Becker, 1977; Becker &
Dunstetter, 1984; Bremer & Thorkildsen, 1986). I.e.

MD,(P) = [dS -8, RD,(P < S), (24)
with a similar equation for the imaginary part of the
amplitude. The intensity of the primary diffracted beam
at the point P on the exit surface is given by

W(P) = 5 IDPI = 3 ((AD,(P)F + RD,(PIP).
0

(25)

The power of the primary diffracted beam is then
obtained by summing the contributions due to all points
on the exit surface:

P, = [dP-§,1,. (26)
For calculation of the integrated power, it has been shown
(Heier & Marthinsen, 1983) that the excitation errors, a,
and a,, depend on two external divergence angles, ¢, and
£,.1 Neglecting any dependence of the vertical diver-
gence &, and assuming that a, varies negligibly with ¢,
we have to consider

a, = (sin26,,/1)e,. (27)

t Absorption and  refraction are  here
Xo > 0= 8, —>a,
1 Which give the position of the incident wavevector relative to the

Laue point.

neglected, ie.
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The integrated power thus becomes

Po= | de, Play(er). o). 28)

4. Crystal geometries

In this work, we have chosen two finite crystal shapes
initiating different types of scattering geometry. As
depicted in Figs. 1 and 2, the crystals are all confined
by the unit scattering vectors {8, §,, §,}. This is in order
to simplify the mathematical treatment, i.e. the integra-
tion set-up in equations (24) and (26) and the treatment
of the boundary conditions for the fields. The model
crystal shapes are chosen such that the outer surfaces are
parallel to the characteristic planes associated with the
equations (Sommerfeld, 1949; Sneddon, 1957; Myint-U,
1980).

Crystal dimensions are denoted /, /,, /. Fig. 1
represents a Laue—Laue case, whereas Fig. 2 represents a
Bragg-Laue case.

The volume, V2, of the cell spanned by the set of unit
vectors {8,, §, 8.} is given by

VP = {1 - cos® 26, — cos’ 26,, — cos 26,
+ 2 cos 26, cos 26,, cos 26,,} 12,

where 26,, / (s, 8,).
The geometrical factor, J, cf. (22), is in both cases

J=1/¥.
For the Laue-Laue case, we have:
A, = 5,(P)
Ay =1, —5,(5)
A, = 5,(P) = 5,(5).

(29)

The wave field at P due to an incoming plane wave thus
becomes

1y sg(P)

Dy(P)=V? [dA, [ dA,Dy(P <)
0 0

and the power at the exit surface is

I, I,
Py, = V.?ofdso(P)odeg(P) L,(P).

In the Bragg-Laue case, it is convenient to use a
coordinate system, {r,, I, F,}, where I, is spanned by §,
and §,. The relations between the coordinates are given
by

S,=r,+r/2cosb,,
s, =r,/2cos6,,

S, =1

123

and consequently
A, = Ay =(1/2c086,,){r|(P) — r\(S)}
=(1/2cos6,,)A,
A, = ry(P) = 1y(S) = A,.

(30)

The wave field at P due to an incoming plane wave is
written

n(P) ra(P)

Dh(P):(V?/2COSQOh) f dAl f dA2 D,(P < S)
0 0

and the power at the exit surface becomes

2, cos 8, )

Py=(V[2c086,) dr.(P)Zdrz(P)Ih(P).

Fig. 1. Scattering, crystal and polarization geometry for the Laue—Laue
case.

Fig. 2. Scattering, crystal and polarization geometry for the Bragg—Laue
case.
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5. Results

Using (11), (16), (17) and (18), we obtain the following
results to the sixth order of perturbation (all expressions
are to be multiplied by the factor ix,,).

Laue-Laue case:
dy) = 8(s,)
d,(,z) =T'(icos gy — singy)
d)) = —N,Aub(s,) — Ay — Ayw
dy) = T{[A,Au+ A Ay + A AW sin gy
—3A,Au+ AAv+ A A,w]cos gg}
4 =L AFALRS(s,) + Ay AZuv + 1A, A2
+ ARA uw + 3D, A, A v + 5 A AW
+ A AR A yweos 29y +IA Ay A vwsin 2¢5
4y = —T{[} AF A2 + A A, A2uv + L AZA2?
+ A AGA uw + ALALA W + L AZAZW ] sin gy
—FARANE +3A,0,AZuv + 5 ALAZY
+ 3AgAiAouw + A;Ahonw
+ ;A AW ] cos g5 ).
Bragg-l aue case:
) = 8(s,)
d? = T(icos gy — singy)
) =1 Ajud(sy) — Ay — Ayw
d¥ = (A2 + ApAy + A, A W] singy
— i3 Aju+ A Ay + Ay A, W] cos oy}
dP = T3 ARP8(s,) + 3 Ajuv + 1 ARAY
+ 1 Ajuw + ZAiAng +1 A,Z,Agw2
+3 A3 A, W08 205 + 4 AZA vwsin 205
4 = —T{[L Aj? +LA]A uv + AFALV
+3 83 8uw + 3 A AZvw + L AFA2w?] sin g
—i[F AN+ 3000, uv + L AT AL
+383Auw + 3 A AZvw + § AT AZw?] cos g ).
For the Laue-Laue case, {A,, A, A,} are given by
ggg and, for the Bragg—Laue case, {A, = A;, A,} by

In addition, we have introduced the following defini-
tions:

U= KopKhor V= KpgKgoy W = KoK, (31)
= |th||Kgo|/|Kho|-
‘pz = Don + (phg + (pg()' (32)

THREE-BEAM DIFFRACTION IN FINITE PERFECT CRYSTALS. 1

Our definition of ¢y is used owing to symmetry reasons
and corresponds to the one given by Giacovazzo et al.
(1992) for the phase of the triplet invariant. In
experiments, the observable phase information will be
given by ¢, + ¢,, — ¢, (Himmer & Weckert, 1990).
The difference between this expression and our definition
will be apparent in cases of resonant scattering (Larsen &
Thorkildsen, 1998). It should also be noted that the sign
in the definition of ¢y, equation (32), has been reversed
compared to the previous paper (Thorkildsen, 1987). The
present definition is therefore in accordance with
prevalent notations (Himmer & Billy, 1982) when
resonant scattering is neglected.
The phase angle ¢, is defined through

Kpq = 1Kpy| €XP(ig,, ). (33)

Neglecting absorption and anomalous scattering, we may
write

Kgp = IKpgl €XP(=ig0y,)-

Algorithms corresponding to equations (16), (22), (25)
and (26) were implemented in MATHEMATICA.¥ The
integration procedures were extensively coded in order to
ease the algebraic manipulations. Finally, the following
expressions for the power in the Laue-Laue and Bragg—
Laue cases were obtained (for convenience, only the
results to third order are presented here; the MATHE-
MATICA code for the expressions up to the sixth order is
available from the authors upon request).

Laue—Laue case:

P, = Io|Kho|2VL1h{2f1($h) - l'loh|2f|(5h)
= 4|uglIngol / In4o N2 (E, ) cOS 5
+h(E) sin gzl fi(E) — 21, 1A () f1(E))
= 24 PN (ED &R + (&) a8
+ 414 110 /1o ) /3D /1 (E1)).
Bragg-Laue case:
Py = 21, iy [ vl (26580 — 114 5(&,)
— 4 7mglIngel /0o DL (&) cOS 95
+ £1(&,) sin s £3(&,)

= 2(Ingo* + I A G fe(&) — L&) (&)
+ 2(|rlhg|2|ngolz/|nh()|2)f3($g)f;(§h)}'

(34)

(35)

Here, I, = (c/2¢,)|DY|* is the intensity of the incident
beam, and v, and v, are the volumes of the Laue-Laue
and Bragg-Laue crystals, respectively.

t MATHEMATICA is a trademark of Wolfram Research Inc.,
Champaign, IL 61820, USA.
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We have also introduced the following dimensionless
quantities:

Mpqlz = Iqulzlplq
&, = 2mayl,
&, = 2nal,.
The functions f; are given by
S1@) = (1/6)(1 — cos u)
o) = (/w1 = (1/w) sin u]

o o
N w

o
=

Relative integrated power

-20 -10 0 10 20
Normalized excitation error

(@)

Relative integrated power

-10 0 10 20

Normalized excitation error

(©)

M
$ 0.04
o
a
T o0.02
F)
]
&
[ 0
o
5]
o
¢ -0.02
b
Fs)
o
o -0.04
o
-20 -10 0 10 20
Normalized excitation error
(e)
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fw) = (1/6)[1 = (1/u) sin ]
L) = (1 /uP)[sinu — (2/u)(1 — cos u)]
Sfi(w) = (1/31°)(=12u 4+ 1> — 12ucosu + 24sinu
— 3u’sinu)
So() = (1/2u*)(2 + u* — 2 cosu — 2u sin u)
() = (1/u*)(—2u — ucos u + 3 sinu). (36)

The integrated power may now be calculated using (28),
neglecting any variation of «, with & — ¢f (27). The

~0.025
-0.05
-0.075
-0.1
-0.125
-0.15

Relative integrated power

-20 -10 0 10 20
Normalized excitation error

(»)

Relative integrated power

-20 -10 0 10 20
Normalized excitation error
(d)
9
o
2 0.2
oY
% 0.1
o
]
)
b 0
o
5]
“*-0.1
o
>
0 -0.2
]
9
w -0.3
-20 -10 0 10 20
Normalized excitation error
f)

Fig. 3. Relative integrated power, AP, /P, as a function of the normalized excitation error, §, = 2ma,l,. Solid line: Laue-Laue case; dashed line:
Bragg-Laue case. |7,,| = |n,| = [ng| = 0.5. 95 = 0. (a) Second order, (b) third order, (c) fourth order, (d) fifth order, (e) sixth order. (/)

Contribution added. Note the different scales on the ordinate axis.
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terms proportional to |r;o,,|2 in equations (34) and (35)
represent first-order correction of the diffracted power
due to primary extinction. They are built from the
scattering event k,,,«,,k,, in equation (21), thus involving
multiple scattering among the §, and §, beams. In
subsequent treatment, we neglect such terms. In order to
obtain an expression for the relative change in the
integrated power due to three-beam interaction, we
introduce the kinematical two-beam integrated power:

Py = Lvlk,,|*(A/sin 26,,). (37)
To the third order of perturbation, we thus get:
Laue-Laue case:
APYE)/ Py = =2(In4glIngol /1m401)
x [f(§g) cos g5 + (&) sin py]
— (Ingo* + Img WA (E,)
+ 201mg 0o /1o Ws 6 (38)

Bragg—Laue case:

AP/ Ph = —2(Inagl 1m0/ 114, DI (&,) cOSs 95
+h(E) sings) = 2(Ing, > + [ny, A (E,)
+ (g P 1m0 /1m0 VG (E) 39)

-0.05
-0.1
-0.15

Relative integrated power
o

-0.2

-20 -10 0 10 20

Nbrmalized excitation error

(@)

Relative integrated power

-20 -10 0 10 20

Normalized excitation error

(c)
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with &, = & (¥) = 2na,(¥)l,. We note that the result for
the Laue—Laue case is identical to the one found from the
exact field expressions (Thorkildsen, 1987).

6. Discussion

The solutions obtained for the different crystal and
scattering geometries are confined to a limited range of
In,,| values, owing to the series-expansion cut-off. For
the present development to the sixth order in the
scattering power, the expressions are valid for |7, < 1.
The?’ the systematic error due to the cut-off is less than
1074

Fig. 3 shows how the perturbation terms add up to
build the diffracted power. It should be noticed that the
contribution to the second ordert is the same in both the
Laue-Laue and Bragg—Laue cases considered. From the
figure, and from equations (38) and (39), we find that
there are no qualitative differences between the Laue—
Laue and Bragg—Laue reflection geometries — at least for
crystal dimensions not exceeding the Pendellosung
distance in the Laue—Laue case. This is illustrated in
Fig. 4, where the relative change in the integrated power
for four different crystal sizes} is depicted. From the

T In the series expansion.
1 We hence consider the same reflection triplet, but vary /,, I, and /.

Relative integrated power

Normalized excitation error

»

o
N OO N B o

Relative integrated power
1
o
(=] N >

-20 -10 ] 10 20

Normalized excitation error

(d)

Fig. 4. Effect of increasing the crystal size. Solid line: Laue-Laue case; dashed line: Bragg—Laue case. @05 = 0.(a) Inol = |1, = Ingsl = 0.3, (b)
Monl = 175] = Imgal = 0.5, (€) Inoal = [Mogl = INgsl = 0.7, (d) In4] = ny| = | = 0.9.
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Fig. 5. Relative integrated power as a function of the invariant tnplet
phase sum and the normalized cxcitation error. Laue Laue case.
Nonl = Mol = 0yl = 0.1

20
Fig. 6. Relative integrated power as a function of the invariant triplet
phase sum and the normalized excitation error. Laue Laue casc.
Mol = 0.7, [, = 0.1, [ngl = 0.7 e an Authellung situation.

20

Fig. 7. Relative integrated power as a function of the invanant triplet
phase sum and the normalized excitation error. Lauc—lLauc case.
sl = 0.1 1,1 = 1141 = 0.70 ie. an Umweganregung situation.
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curves, we do not sce any significant differences for the
two reflection geometries before {]7,,1} approach unity.
Then, Pendellosung cffects start to become important for
the Laue transmission case, resulting in substantial
deviations from the Bragg reflection casc. This confirms
previous findings (Himmer ef al., 1990; Weckert &
Himmer, 1997). From (38) and (39), it is seen that the
third-order terms in the perturbation-series solution are
phasc independent. They correspond to the scattering
CVCNLS Ky K iy, and ki, k., 1n equation (21) and
conscquently do not involve 5. le. for [n, | <1 they
represent the main contribution to the well known
Umweganregung and Aufhellung effects. In order to
keep such effects as small as possible, we should have
[Monls (M4, and [n,,| all of the same order of magnitude.
This is shown in Fig. 5, wherec we have plotted the
relative intcgrated power as a function of both the
invariant phase sum and the deviation parameter, &, (/).
We suppose that the magnitudes of the involved structure
factors ar¢ the same and that Aufhellung (Fig. 6) and
Umweganregung (Fig. 7) cffects are generated by crystal
shape anisotropy alonc. These limitations, imposed on
the |n,,| parameters, are in accordance with Weckert &
Hiimmer (1990) who, based on experimental cxperience,
found that the ratio of polarization corrected structure
factors, |F, F,|/|F;|, should stay within the range 2-6.
However, based on our results, this implics that the
crystal dimensions should be fairly isotropic. le. crystal
geometry, in addition to structurc-factor magnitudes,
should also be considered when sclecting suitable three-
beam cases for investigation.

It scems to be an important point to stress that the use
of the Takagi-Taupin equations shows that the 7,
parameters arc the governing quantitics regarding three-
beam diffraction in finite perfect crystals. This implies
that the well known Umweganregung and Aufhellung
effects also have a geometrical aspect to be considered.
Such effects arise cven if the structure factors involved
arc of cqual magnitudes, provided a sufficient crystal
shape anisotropy is present.
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